Can we identify massless braneworld black holes by observations? by Kuniyasu, M. et al.
ar
X
iv
:1
80
6.
00
23
1v
1 
 [g
r-q
c] 
 1 
Ju
n 2
01
8
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For an extension of the previous work on gravitational lensing by massless braneworld black
holes, we investigate their microlensing phenomena and shadows and discuss how to distinguish
them from standard Schwarzschild black holes and Ellis wormholes. Microlensing is known as the
phenomenon in which luminosity amplification appears when a bright object passes behind a black
hole or another massive object. We find that, for the braneworld black hole as well as for the Ellis
wormhole, there appears luminosity reduction just before and after the amplification. This means
that observation of such a reduction would indicate the lens object is either a braneworld black
hole or a wormhole, though it is difficult to distinguish one from the other by microlensing solely.
Therefore, we next analyze the optical images, or shadows of the braneworld black hole surrounded
by optically thin dust, and compare them to those of the Ellis wormhole. Because the spacetime
around the braneworld black hole possesses unstable circular orbits of photons, a bright ring appears
in the image, just as in Schwarzschild spacetime or in the wormhole spacetime. This indicates that
the appearance of a bright ring does not solely confirm a braneworld black hole, a Schwarzschild,
nor an Ellis wormhole. However, we find that only for the wormhole is the intensity inside the
ring larger than that the outsider intensity. Therefore, with future high-resolution observations of
microlensing and shadows together, we could identify the braneworld black holes if they exist.
PACS numbers: 04.40.-b, 97.60.Lf,98.62.Sb
I. INTRODUCTION
LIGO has recently detected gravitational waves, which
are supposed to be signals of coalescence of two black
holes [1]. It is also expected that direct observation of
black holes will be achieved by very long baseline inter-
ferometry observations in the near future [2]. Those ad-
vancements in observational technology to detect black
holes will also give us a chance to discover exotic compact
objects such as boson stars [3], gravastars [4], wormholes
[5], non-Abelian black holes [6], and braneworld black
holes [7–10].
To detect such objects, it is necessary to under-
stand theoretical predictions for observation in advance.
For this purpose, observational consequences of boson
stars [11], gravastars [12, 13], wormholes [14–19], and
braneworld black holes [20–22] have been studied recent
years.
Among many models of braneworld black holes, mass-
less black holes [7], in which the curvature is produced
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only by a tidal effect [8], are observationally important
because their gravitational lensing effects are character-
istic and discriminative [21, 22]. In this paper, we study
gravitational lensing by massless braneworld black holes
in more detail. Specifically, we study their microlens-
ing and shadows, and discuss whether we can distinguish
them from standard Schwarzschild black holes and Ellis
wormholes by radio or electromagnetic observations.
This paper is organized as follows. In Sec. II, we in-
troduce three spacetime models to be studied: a massless
braneworld black hole, a Schwarzschild black hole, and an
Ellis wormhole. In Sec. III, we derive null geodesic equa-
tions and analyze photon trajectories; we also discuss
deflection angles for the three models. In Sec. IV, we in-
vestigate observational consequences of microlensing phe-
nomena. Concretely, we solve null geodesic equations nu-
merically to obtain the images of an optical source object
behind a lens object for the three models; we also calcu-
late the light curves, that is, the time variation of the to-
tal luminosity. In Sec. V, we derive stationary solutions
of dust fluid for the three models by solving the energy-
momentum conservation, and we investigate their images
(i.e., shadows) by solving the radiative transfer equation
as well as the null geodesic equations. Finally, in Sec. VI,
we discuss whether we can identify massless braneworld
black holes by electromagnetic observations.
2We use the units of c = 1 in this paper.
II. SPACETIME MODELS
We start with the general expression of the metric for
spherically symmetric and static spacetimes
ds2 = −A(r)dt2+B(r)dr2+C(r)(dθ2+sin2 θdψ2). (2.1)
Bronnikov et al. [8] studied a general class of braneworld
black holes in five-dimensional Einsten equations; the
metric functions for massless black holes are generally
expressed as
A = 1− rg
2
r2
, B−1 = A

1 + D − rg√
2r2 − r2g

 ,
C = r2, (2.2)
where rg and D are constants and rg corresponds to an
event horizon.
In this paper, for a simplest model in this class, we
suppose D = rg, that is,
A = B−1 = 1− rg
2
r2
, C = r2. (2.3)
This solution is identified as the five-dimensional
Schwarzschild metric or the Reissner-Nordstro¨m metric
with pure imaginary charge.
For comparison, we also analyze two models. One is
the standard Schwarzschild spacetime
A = B−1 = 1− rg
r
, C = r2, (2.4)
where rg is also a constant, which corresponds to the
event horizon. Because (rg/r)
2 decreases faster than
rg/r as r increases, the strength of gravity in the five-
dimensional Schwarzschild spacetime is smaller than the
standard Schwarzschild spacetime under fixed rg .
The other reference spacetime is the Ellis wormhole
A = B = 1, C = r2 + a2, (2.5)
where a is the throat radius of the wormhole. Note that
r = 0 corresponds to the throat and r < 0 corresponds
to “the other side.”
III. PHOTON TRAJECTORIES
A. Null geodesic equations and effective potential
In this section, we derive null geodesic equations for
the three models. We denote the affine parameter and
the null vector by λ and kµ ≡ dxµ/dλ, respectively; then,
the geodesic equations are generally given by
dkµ
dλ
+ Γµνρk
νkρ = 0, with kµk
µ = 0. (3.1)
(a)Braneworld black hole.
(b)Ellis wormhole.
FIG. 1: Effective potentials of null geodesics equations around
(a) the braneworld black hole and (b) the Ellis wormhole.
The maximum points correspond to unstable circular orbits
of photons.
For the general metric form (2.1), we write down the
geodesic equations (3.1) in the θ = π/2 as
d
dλ
(
Akt
)
= 0,
d
dλ
(Ckϕ) = 0. (3.2)
d
dλ
(
kr
A
)
+
A′
2
(kt)2 +
A′
2A2
(kr)2 − C
′
2
(kϕ)2 = 0, (3.3)
−A
(
kt
)2
+B (kr)
2
+ C (kϕ)
2
= 0, (3.4)
where ′ ≡ d/dr. Because (3.3) is also derived by (3.2)
and (3.4), we do not have to solve it. Equations (3.2) are
integrated as
Akt = const ≡ E, Ckϕ = const ≡ L, (3.5)
and then (3.4) becomes(
dr
dλ
)2
+ V (r) = E2, V (r) ≡ A
C
L2. (3.6)
Here, the effective potential V (r) is introduced to discuss
light trajectories by analogy with Newtonian mechanics.
Figure 1(a) shows the effective potential for the
braneworld black hole,
V (r) =
L2
r2
(
1−
r2g
r2
)
. (3.7)
3As in the case of the Schwarzschild black hole, there are
unstable circular orbits of photons, which play an impor-
tant role in microlensing and generating shadows. The
trajectories are classified into three types: A, B, and C.
Type C represents the photon that is refracted and goes
to infinity. Type A represents the photon that goes to sin-
gularity. Type B represents the photon that approaches
and winds many times in the vicinity of the unstable cir-
cular orbit.
Figure 1(b) shows the effective potential for the Ellis
wormhole,
V (r) =
L2
r2 + a2
. (3.8)
The region r < 0 corresponds to the opposite side of the
wormhole. The maximum point at r = 0 corresponds to
unstable circular orbits of photons.
For reference, the effective potential for the
Schwarzschild spacetime is given by
V (r) =
L2
r2
(
1− rg
r
)
. (3.9)
B. Photon trajectories
Using the effective potential derived in the previous
subsection, we can discuss qualitative properties of pho-
ton trajectories in the three types of spacetimes. For
the braneworld black hole, the trajectories are classified
into three types: A, B, and C. Type A represents the
photon that passes across the unstable circular orbit and
goes into singularity. Type C represents the photon that
passes outside the unstable circular orbit and goes to in-
finity. Type B represents the photon that approaches and
winds many times in the vicinity of the unstable circular
orbit.
To investigate those trajectories more closely, we nu-
merically solve the null geodesic equations. We define
the rectangle coordinates as
x =
√
C cosϕ sin θ, y =
√
C sinϕ sin θ, z =
√
C cos θ.
(3.10)
Figure 2(a) shows some trajectories of photons on the
z = 0 plane that reach the observer at x = 300rg, y = 0.
Labels A, B, and C correspond to those in the effective
potential in Fig. 1. We confirm that there are really
three types of trajectories, as we discussed above with
the effective potential.
For reference, we also plot photon trajectories around
Schwarzschild black hole and the Ellis wormhole in Figs.
2(b) and in 2(c), respectively. For each case, the trajecto-
ries are classified into three types, depending on whether
the photon passes across the unstable circular orbit or
not. In the case of the Ellis wormhole, type A repre-
sents the photon that comes from the other side of the
wormhole.
(a)Braneworld black hole
(b)Schwarzschild black hole
(c)Ellis wormhole
FIG. 2: Photon trajectories around (a) the braneworld black
hole, (b) the Schwarzschild black hole, and (c) the Ellis worm-
hole. The coordinates (x, y) are defined by (3.10) on the
z = 0 (θ = π/2) plane. We suppose an observer at x = 300rg
(or x = 300a), y = 0, at which all the trajectories end up.
The blue circle denotes the surface of lens objects. In (a)
and (b) types A, B, and C correspond to those in the effec-
tive potential in Fig. 1. The dashed line in (c) represents the
trajectory on the other side of the wormhole (r < 0).
C. Refraction angles
Before performing numerical analysis, it is instructive
to review the analytic formula of refraction angles for the
three models. As shown in Fig. 3, we approximate the
geodesic by its two tangent lines at the observer and at
4FIG. 3: Definition of δ and α in lensing phenomena. We ap-
proximate the geodesic by its two tangent lines at the observer
and at the source in a fictitious Euclidean plane. The refrac-
tion angle δ is defined as the angle between the two tangent
lines. α denotes the impact parameter.
the source in a fictitious Euclidean plane. The refraction
angle δ is defined as the angle between the two tangent
lines. The impact parameter α is defined as the distance
between the lens object’s center and the intersection of
the two tangent lines. If the observer is sufficiently far
from the object, the impact parameter is approximated
by
α =
L
E
, (3.11)
where E and L are integral constants defined by (3.5),
which can be interpreted as the energy and the angular
momentum, respectively.
In the weak field limit, the analytic formulas of δ have
been obtained in the literature. The leading term for
each model is as follows.:
• Schwarzschild black hole:
δ =
2rg
α
. (3.12)
• Braneworld black hole [21]:
δ =
3πrg
2
4α2
. (3.13)
• Ellis wormhole [15, 16]:
δ =
πa2
4α2
. (3.14)
The refraction angle for the Ellis wormhole was origi-
nally derived by Dey and Sen [15]. However, Nakajima
and Asada [16] showed that the previous result breaks
down at the next-to-leading order though the leading
term (3.14) itself is valid. These arguments were also
reviewed in Ref.[17].
It should be noted that both deflection angles of the
braneworld black hole and of the Ellis wormhole are pro-
portional to α−2, while that of the Schwarzschild black
hole is proportional to α−1. This indicates that the
braneworld black hole and the Ellis wormhole may ex-
hibit similar features in microlensing phenomena, which
will be checked in the next section.
IV. GRAVITATIONAL MICROLENSING
Figure 4 shows the setting of our numerical analysis
of gravitational lens effects in the rectangular coordinate
system defined by (3.10). We place the lens object’s cen-
ter at the origin and the observer at x = Do on the x
axis. We suppose that a source object is moving be-
hind the lens object on the z = 0 plane. We denote
the distance between the source object’s center and the
lens object’s center by Ds and the radius of the source
by rs. The position of the source is characterized by ϕ,
which is defined as the angle between the direction of
the source object’s center and the the direction of the
observer. The image ~α = (αy, αz) is defined as the in-
tersection of the x = 0 plane with the tangent to the ray
at the observer. In our numerical calculation below we
set Do = 300rg, Ds = 10rg or 10a, and rs = rg.
Figure 5 shows an example of the images of the source
object ~α = (αy, αz) around the braneworld black hole.
We display four snapshots when ϕ=130◦, 150◦, 170◦,
and 180◦. The image becomes distorted as ϕ increases.
The light-colored images correspond to geodesics that
wind in the vicinity of unstable circular orbits. Einstein
rings appear when ϕ=180◦.
FIG. 4: Setting of our numerical analysis of gravitational lens
effects in the rectangular coordinate system. We place the lens
object’s center at the origin and the observer at x = Do on
the x axis. We suppose that a source object is moving behind
the lens object on the z = 0 plane. We denote the distance
between the source object’s center and the lens object’s center
by Ds and the radius of the source by rs. The position of
the source is characterized by ϕ, which is defined as the angle
between the direction of the source object’s center and the the
direction of the observer. The image ~α = (αy , αz) is defined
as the intersection of the x = 0 plane with the tangent to the
ray at the observer.
5(a)ϕ=130◦
(b)ϕ=150◦
(c)ϕ=170◦
(d)ϕ=180◦
FIG. 5: Example of the gravitational lens images of the source
object ~α = (αy, αz) around the braneworld black hole. We
set Do = 300rg , Ds = 10rg , and rs = rg. We display four
snapshots when ϕs=130
◦, 150◦, 170◦, and 180◦.
(a)ϕ=130◦
(b)ϕ=150◦
(c)ϕ=170◦
(d)ϕ=180◦
FIG. 6: The same as Fig. 5, but for the Schwarzschild black
hole.
6(a)ϕ=130◦
(b)ϕ=150◦
(c)ϕ=170◦
(d)ϕ=180◦
FIG. 7: The same as Fig. 5, but for the Ellis wormhole. We
set Do = 300a, Ds = 10a, and rs = a.
FIG. 8: Superposition of the gravitational lens images for the
braneworld black holes (blue), the Schwarzschild black holes
(red), and the Ellis wormholes (green) when ϕ=170◦.
FIG. 9: Light curves for the three models: the braneworld
black holes (blue), the Schwarzschild black holes (red), and
the Ellis wormholes (green). The ordinate denotes the magni-
fication normalized by the value without lensing. We assume
that the gravitational redshift is negligible; then, the total
magnification is proportional to the apparent area. Amplifica-
tion occurs for all cases; there is a peak at ϕ = 180◦. Gutters
appear (i.e., extinction) just before (and after) the amplifica-
tion for the braneworld black hole and the Ellis wormhole.
For reference, we also show gravitational lens images
for the Schwarzschild black hole and for the Ellis worm-
hole in Figs. 6 and 7, respectively. In Fig. 8, we su-
perpose the three types of images when ϕ=170◦. The
qualitative features of the deformed images are common
though the rate of deformation and amplification depends
on lens objects.
To see how the intensity of the source object is changed
by the lens objects, we plot light curves for the three
models in Fig. 9. We assume that gravitational redshift
is negligible; then, the total intensity is proportional to
the apparent area. Amplification occurs for all cases;
7there is a peak at ϕ = 180◦. We also find that gutters
appear (i.e., intensity reduction) just before (and after)
the amplification for the braneworld black hole and the
Ellis wormhole. Therefore, if such reduction is observed
in microlensing phenomena, the lens object would be ei-
ther a braneworld black hole or a wormhole.
Because we normalize the scale by rg or a, the results
in Figs. 8 and 9 are independent of rg or a. However,
luminosity contract depends on the distance between the
source and the lens, which is difficult to estimate in ob-
servations. Therefore, it is difficult to distinguish the
braneworld black hole from the Ellis wormhole by com-
paring values of luminosity contract in microlensing phe-
nomena solely. Thus, in the next section we consider
another observational method.
V. STATIONARY DUST FLOWS AND
SHADOWS
To distinguish between the braneworld black hole and
the Ellis wormhole, we next consider stationary dust
flows surrounding them and investigate their optical im-
ages, or shadows.
A. Stationary solutions of dust flows
For the three spacetime models, we consider spheri-
cally symmetric and stationary dust flows. Let ρ(r) and
uµ(r) be the energy density and the 4-velocity of dust,
respectively; then its energy-momentum tensor is given
by
T µν = ρ(r)uµuν , (5.1)
where the 4-velocity is expressed as
uµ =
dxµ
dτ
=
(
ut(r), ur(r), 0, 0
)
, (5.2)
and satisfies
− 1 = uµuµ = −A
(
ut
)2
+B (ur)
2
. (5.3)
Here, we suppose ingoing flows, ur < 0, and therefore
define u(r) ≡ −ur > 0. The conservation law of energy
momentum,
T µν;ν = 0, (5.4)
is concretely written as
du
dr
u− 1
2
dA
dr
= 0, (5.5)
d
dr
(
ρr2u
)
= 0. (5.6)
For the three models, we obtain the solutions of (5.5)
and (5.6) as follows:
• Schwarzschild black hole:
u = ug
√
rg
r
, (5.7)
ρ = ρg
(rg
r
) 3
2
. (5.8)
• Braneworld black hole:
u = ug
rg
r
, (5.9)
ρ = ρg
rg
r
. (5.10)
• Ellis wormhole [19]:
u = constant, (5.11)
ρ = ρa
a2
r2 + a2
. (5.12)
Here, ρg, ρa, ug, and ua are integration constants.
Intensity contrast, which we will calculate below, does
not depend on ρg or ρa. We set ug = −1 because any
particle falls in with light velocity at the event horion.
As for the constant velocity u in the Ellis wormhole, we
choose u = 10−7 as a typical value of interstellar matter
velocity.
B. Shadows
To obtain the optical images of the lens object sur-
rounded by dust, we compute the relationship between
the apparent position of the optical source α and the in-
tensity. We suppose a gravity source and an observer and
spread dust as shown in Fig. 10. As we discussed in Sec.
III.C, the impact parameter α is approximated by L/E
if the observer is sufficiently far from the object, and it
indicates the apparent position of the optical source.
The radiation transfer equation is generally expressed
as
dJ
dλ
=
η (ν)
ν2
− νχ (ν)J, J ≡ I(ν)
ν3
, (5.13)
where I(ν) is the specific luminosity, J is the invariant
intensity, η(ν) is the emission coefficient, and χ(ν) is the
absorption coefficient [23]. ν is the frequency measured
by observers comoving with dust particles:
ν = −kµuµ. (5.14)
Here, we make the following assumptions for simplic-
ity:
(a) The dust does not absorb radiation; i.e., χ(ν) = 0.
(b) η(ν) is proportional to dust density, which is mea-
sured along null geodesics; i.e., η(ν)dλ ∝ ρuµdxµ.
(c) η(ν) is independent of ν; i.e., the spectrum is flat.
8The assumptions (b) and (c) indicate that η(ν) is ex-
pressed as
η (ν) = −H (ν) ρuµkµ, (5.15)
where H is a constant. If the dust spectrum is not flat,
H should be a function of ν. Under these assumptions,
we can rewrite (5.13) as an integral form,
J = −
∫
H
ν2
ρuµdx
µ. (5.16)
For the three spacetime models, we numerically calcu-
late the luminosity distribution as follows:
(i). Put the observer at r = 500rg.
(ii). For a given value of α = L/E, we solve the null
geodesic equations from the observer. We can
choose a value of the initial (observed) frequency
νo arbitrarily because the ratio of νo to the emitted
frequency νe does not depend on νo.
(iii). With the values of ν at each point, which are deter-
mined by the null geodesic equations, we integrate
(5.16) to obtain the luminosity I. We adopt the
fourth-order Runge-Kutta method for all integra-
tions.
(iv). We continue the integrations until r = 500rg again,
where gas density is sufficiently small.
(v). Iterate (ii) ∼ (iv) by changing the value of α.
We show our numerical results in Fig. 11. A lumi-
nosity peak caused by unstable circular orbits appears
in all cases. In the case of the Ellis wormhole, the in-
side of the peak α/αmax < 1 is brighter than the outside
α/αmax > 1, contrary to the other cases. This is be-
cause of the existence of photons passing through the
FIG. 10: Setup of our analysis for obtaining optical images.
We put an observer, a gravity source, and dust surrounding
it. The dust falls into the gravity source constantly.
throat from the opposite side. We therefore speculate
that this feature appears for other passable wormhole
models. This difference would enable us to discriminate
between braneworld black holes and Ellis wormholes by
observations of shadows.
FIG. 11: Numerical results of radiation luminosity for the
Schwarzschild black hole (red), the braneworld black hole
(blue), and the Ellis wormhole (green).
VI. CONCLUSION
We have investigated microlensing by massless
braneworld black holes and their shadows and discuss
how to distinguish them from standard Schwarzschild
black holes and Ellis wormholes. First, we studied defec-
tion angles of light rays that pass around those objects.
Previous work showed that both deflection angles of the
braneworld black hole and the Ellis wormhole are propor-
tional to α−2, while that of the Schwarzschild black hole
to α−1. We therefore speculated that the braneworld
black hole and the Ellis wormhole may exhibit similar
features in microlensing phenomena.
To elucidate observational consequences of those mi-
crolensing phenomena, we calculated images of an optical
source object behind a lens object for the three models
and their light curves. We found that for the braneworld
black hole as well as for the Ellis wormhole, luminos-
ity reduction appears just before and after amplification.
This means that, observations of such reduction would
indicate the lens object is either a braneworld black hole
or a wormhole, though it is difficult to distinguish one
from the other by microlensing solely.
Thus, we next analyzed the optical images of the
braneworld black hole surrounded by optically thin dust
and compared them with those of the Ellis wormhole.
Because the spacetime around the braneworld black hole
possesses unstable circular orbits of photons, a bright
ring appears in the image, just as in Schwarzschild space-
time or in the wormhole spacetime. This indicates that
9the appearance of a bright ring does not solely confirm
a braneworld black hole, a Schwarzschild, nor an Ellis
wormhole. However, we found that only for the wormhole
the intensity inside the ring is larger than the outsider in-
tensity. Our results mean that observations of shadows
would distinguish black holes from Ellis wormholes.
We therefore conclude that, with future high-resolution
very long baseline interferometry observations of mi-
crolensing and shadows together, we could identify the
braneworld black holes if they exist.
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